Single nanostructure scattering spectroscopy setup
The scattering spectra are measured using an asymmetric dark-field scattering setup (see Fig. 2Sa ). In this experimental geometry an almost-collimated incoherent white-light beam generated by a halogen lamp (Axiovert, Zeiss) is focused by a microscope objective (Plan-Apochromat, Zeiss, NA = 1.4) on the sample under investigation. The 2 mm-wide beam enters the objective largely off-axis and consequently hits the sample above the critical angle, leading to total internal reflection. This experimental approach can only be applied to objects which are close enough to the glass surface since it involves the scattering of solely the evanescent component of the impinging light. The beam is chosen to be s-polarized (i.e. parallel to the long axis of the nanorod). This configuration, which is opposed to the one used in the main text to efficiently excite SHG, ensures an efficient excitation of the only antenna modes appearing in the visible portion of the spectrum, V 2 A and V 2 B . After being recollected by the objective, the reflected beam is blocked by a beam-stopper, whereas the light scattered by the nanostructures is transmitted to the detection path. A flip mirror allows performing dark field imaging maps of the sample, which helps selecting exclusively the light scattered by a single nanostructure. Eventually, the light is redirected to the spectrometer (Shamrock SR-303i, iXon3 897-BVF, Andor) to acquire each individual spectrum, which is normalized to the reference spectrum of the halogen lamp. As shown in Fig. 2Sb , separate spectra are recorded for the three different polarization states of the detected light using a broadband polarization analyzer (LPVIS, Thorlabs): longitudinal (i.e. parallel to the impinging light -red line), transverse (blue line) and unpolarized state (black line). As expected the detected light is mostly polarized parallel to the incident polarization where the two antenna modes, V 2 A and V 2 B , are best excited.
Here we would like he to emphasize that by exciting the nanostructure with polarization orthogonal to the long axis of the rod one obtains a much lower signal (comparable with the blue curve in Fig. 2S ), due to the weak coupling of this polarization with the antenna modes (see Fig. 1c in the main text). Since all spectra present identical features, thus the unpolarized state spectra were used for the comparison in the main text. Figure 2S . a) Dark-field spectroscopy experimental setup. b) Single nanoantenna spectra acquired with different detection polarization. Figure 3S . Experimentally acquired spectra from the two most significant lines of the array sketched in the main manuscript (see Figure 2a ) and corresponding to the contour plots in Figure 3 of the main text. a) Spectra corresponding to the experimental contour plot in Figure 3a in the main text. b) Spectra with which the contour plot of Figure 3b is generated.
Experimental setup for SHG detection and characterization
An ultrafast Erbium-doped ultrafast fiber laser centered at 1560 nm with a pulse length of about 70 fs (FemtoFiber Pro NIR -Toptica Photonics AG) is coupled to a home-made inverted microscope (see Fig. 4S ). The excitation light, reflected by a 70:30 (transmission: reflection) cube beam splitter onto the back aperture of a 1.3 N.A. objective (UAPON 40x O340 -Olympus), is focused on the fused-silica substrate (see Section 1). The SHG signal from the nanostructure array is collected through the same objective while the sample is raster-scanned in the x-y plane by means of a piezoelectric scanner (P517.3CL -Physik Instrumente GmbH & Co.). The collected nanoantenna emission, together with the residual excitation light reflected at the glass-air interface, travels back through the beamsplitter onto a dichroic short-pass mirror (DMSP, DMSP1000 -Thorlabs Inc.), which transmits the SH and reflects the FW to a CMOS camera used for beam optimization and alignment. Residual background on the transmitted SHG radiation is further rejected using a set of filters. The SHG emitted intensity is measured with a single photon avalanche detector (SPAD, PDM-C Series, MPD S.r.l.) positioned after a band-pass (25 nm FWHM) filter centered at 775 nm (NBF, 775WB25 -Omega filters). The emission spectrum is acquired with a VIS/NIR spectrometer (Acton SpectraPro SP2300 + CCD Camera PIXIS 1024B, Princeton Instruments Inc.) placed after a short-pass filter with ultrasteep cutting edge (SPF, SP01-785RU-25, Semrock Inc.). Figure 4S . Nonlinear microscopy experimental setup.
Linear extinction maps
cExtinction maps of the sample array were collected at wavelengths close to the fundamental (1550 nm) and to the second-harmonic (785 nm) respectively, by coupling CW diode lasers centered at the two wavelengths of interest (LP785-SF100 and LPSC-1550-FC, respectively -Thorlabs Inc.) to the confocal microscope developed for nonlinear microscopy described in the previous section. To adapt the system to these measurements we have replaced the SPAD detector with either a photomultiplier tube (H9306-04 -Hamamatsu Photonics K. K.), to acquire the extinction maps at 780 nm, or an IR-extend SPAD (InGaAs SPAD -Micro Photon Devices S.r.l.), to record the extinction signal at 1550 nm. The upper panels of Fig polarization orientation (double-headed arrow). These maps aim at characterizing the optical response of each isolated nanoparticle at the peak of the expected SH emission in comparison with the SHG maps presented in the main text. As expected, systematic extinction variations are only observed when the linear light polarization is set parallel to the nanorod long axis. In particular, two separate trends can be spotted in the map of the coupled structures: (i) a marked reduction of the extinction signal occurs while moving from top to bottom and (ii) a sensible modulation of the extinction can be noted when moving from left to right, with distinct dips occurring at the third and fourth column. The first behavior is ascribed to the V 2 B resonance, which peaks around 800 nm for the smaller V-shapes (first row) and shifts to the IR when the V-shape arm length is increased. The second behavior is purely associated with the V 2 A resonance that is mainly determined by the rod resonance, which changes from left to right in the array and matches the laser line for a rod length between the ones of the structures in row 3 and 4. This is also pointed out by the two maps featuring the isolated nanostructures (rods: bottom panel, V-shapes: top-right panel). The extinction maps collected at 1550 nm are displayed in Fig. 5Sd , which shows that, indeed, the antennas fabricated in row 2 and 3 feature a fundamental mode matching the ultrashort laser pulse wavelength. In particular, the right panel of 
Numerical method to evaluate single nanostructure SHG signal
The intensity of the second harmonic (SH) field generated by nanoparticles is always orders of magnitude weaker than the intensity of the pump field; it follows that a perturbative approach may be adopted and in the so called undepleted-pump approximation we can assume the SH field does not couple back to the fundamental field (FF). Therefore, the nonlinear problem can be decomposed into two linear scattering problems: we first solve the linear electromagnetic problem at the FF using a frequency-domain finiteelement solver and then we use the calculated fields to specify the SH polarization source currents which give rise to the radiated electromagnetic field at the SH frequency [2, 3] . It is certainly true that, as a rule of thumb, boundary element methods are more efficient in problems where there is a small surface/volume ratio and might require, therefore, a much smaller number of elements to evaluate the fields than volume integral based methods. However, boundary element methods involve a complex parameterization of the boundary elements. This is why in our manuscript we have decided to resort to a commercial finiteelement method (COMSOL Multiphysics). Although SH polarization sources in metals are due both to free and bound electrons, we consider here only contributions of free electrons, as it has been proven they are responsible for the dominant nonlinear terms in this process [4] . The current density source of SH light may then be expressed as the superposition of two contributions: one coming from the volume of the antenna, , the other, , located at the metal surface. As it has been already discussed in the literature [2, 5, 6 ] the source component due to normal surface currents ( ) is dominant with respect to both the source component related to tangential surface currents and to the source component due to the volume. Thus in our simulations we neglect these latter terms and we relate our SH sources to the FF electric field and to the free electron hydrodynamic parameters as follows:
(1) where = 5.9×10 28 m -3 is the free electrons density in gold assuming the effective electron mass is = = 9.11×10 -31 kg, e is the elementary charge, = 3.33×10 13 s -1 is the electron gas collision frequency in gold, is the bulk gold permittivity at the FF taken from Palik [7] , and the angular frequency of the FF field. Moreover, is a unit vector pointing outward and normal to the metallic surface, is the normal component of the FF electric field (evaluated inside the metal region). In all our numerical simulations, we have checked that the employed discretization (with a cell size equal to 10 nm) provides sufficient accuracy by verifying that reducing the element size to smaller values does not change the numerical solution. Moreover, to avoid numerical instabilities due to diverging fields at the sharp corners of the structure, we introduced a small radius of curvature, mimicking the real morphology of metallic nanostructures.
In this paper, we also avoid considering the nonlocal nature of light interaction with free electrons and adopt the local approximation, i.e., we assume that the Fermi velocity of the free electrons satisfies the inequality , where is the inverse of the characteristic length of variation of the electromagnetic field [8] . Despite nonlocality may also affect the nonlinear response, simple models like the one adopted here usually provide good qualitative agreement with experiments, properly describing near-and far-field properties of SH light [8] [9] [10] [11] . For the same reason we also avoid considering quantum effects in the gap region; quantum tunneling currents induced in sub-nm gaps increase absorption losses at the FF and may add quadratic and cubic nonlinear sources that are predicted to interfere with the metal nonlinearities [12] [13] [14] .
Note that the focusing conditions achieved in the experiment correspond to a Gaussian beam diameter on the sample equal to 1.4 µm (Rayleigh criterion), i.e. quite larger than the size of the nanoantenna; for this reason, in the numerical experiment we have approximated the beam with a single plane wave.
6. SH emission polarization and its dependence on the incident polarization. 7. Power and spectral characterization of the SH emitted by the nanostructure. Figure 7Sa presents the bi-logarithmic plot of the power emitted by the doubly-resonant nanostructure around 775 nm as a function of the power incident on the sample. The ~2 slope of the linear fit (blue line) highlights the nonlinear second-order nature of the process. The count rates reported are corrected for the losses in the collection and detection paths, and for the quantum efficiency of the SPAD detector. Figure 7Sb shows the nonlinear coefficient extracted from the power curve for each incident power value.
The reproducibility of γ SHG demonstrates the absence of photodamage during irradiation. By superimposing the spectrum calculated through FDTD simulations (black dashed line in Fig. 7Sc ) for the doubly-resonant particle with both the excitation laser band (red curve in Fig. 7Sc ) and the SH emission spectrum (blue curve in Fig. 7Sc ) one readily observe the very good matching between the V 1 mode of the structure and the first, and the excellent overlap of the mode V 2 A with the second. Third harmonic generation (THG) and twophoton photoluminescence (TPPL) can also be observed in the nanostructure emission spectrum excited at 50 µW (see Fig. 7Sd ). Using a double-peak Gaussian fit (red-dotted line), the SH and TH emission peaks can be estimated to be centered around 776 nm and 519 nm, respectively. Once the losses in the collection path are accounted for, THG signal is evaluated to be less than one order of magnitude higher with respect to the SHG one, for an impinging power of 50 µW. The dark solid line in Fig. 7Sd represents the light detected upon illuminating an edge of the single crystal gold flake not exposed to FIB milling with about 5 mW power (2 orders of magnitude higher than the one used with the nanoantennas), demonstrating that nonlinearity is highly enhanced by nanostructuring. This ratio is significantly lower than the ones reported in literature so far [15] , highlighting the remarkable SH generation efficiency achieved by these structures. Table 2 . Output power levels and nanostructure nonlinear parameters. E ph : photon energy.
Evaluation of the nonlinear coefficient of the nanoantenna
To estimate the peak nonlinear coefficient ߛ ୗୌୋ for the doubly-resonant nanostructure, we have evaluated all the relevant parameters of our experimental setup. They are summarized in the two tables above. In short, for the maximum employed incident power (~ 120 µW), which is well-below the nanostructure damage threshold (see Section 9), we obtain a peak power ܲ ୮ୣୟ୩ ≅ 13 W. In these conditions we measured ~ 6.3 × 10 4 SHG counts/s at the detector from the doubly-resonant nanostructure. Assuming that almost all the SHG is emitted towards the glass/objective side (i.e. a very conservative assumption) and considering the losses due to the collection angle and transmittance of the objective (~ 30%) together with the ones introduced by the optical elements in the collection path (beam-splitter: ~ 20%, dichroic-mirror:
~ 50%, narrow-band filter: ~ 50%, detector quantum efficiency: ~ 15%), we arrive to ~ 3 × 10 6 emitted photons per second, corresponding to an SHG peak power ܲ ୗୌୋ ୮ୣୟ୩ ≅ 8 × 10 ି଼ W. The nonlinear coefficient of the doubly-resonant antenna is thus ߛ ୗୌୋ ୮ୣୟ୩ ≅ 5.1 × 10 ିଵ W ିଵ . Using the average power levels for our experiment, at the maximum employed input power, we find a maximum conversion efficiency ߟ ୗୌୋ ≅ 6.4 × 10 ିଽ . These coefficients are estimated by considering an optimized matching between the impinging light and the nanoantenna, hence the excitation power was not scaled to account for the ratio between the structure fingerprint and the spot size.
SHG efficiency evaluated on standard 100 nm gold spheres
To evaluate the performances of our device we have also studied 100 nm-diameter single spherical gold nanoparticles grown in solution, which are successively spin-coated on a fused silica substrate and cleaned using oxygen plasma. Fig. 8Sa shows a SHG map acquired on the spherical nanoparticle sample. The real intensity counts are then evaluated using the same parameters employed for the antenna sample, to account for the setup losses. The real intensity count histogram for all the investigated particles is shown in Fig. 8Sb , revealing two main peaks. We interpret the lower and most pronounced one as due to SH emission from single spheres while the second, which is set at about twice the intensity, is attributed to emission from two uncoupled particles which are not resolved by the microscopy setup. Starting from this assumption we assign a value of about 20 kcts/s for the single 100 nm-diameter nanoparticles excited with Figure 9S shows the SEM image of the sample array acquired after the optical characterizations described here and in the main text were completed. The overview does not show any visible damage. The absence of photodamage is further confirmed by an SEM zoom on the antenna that was mostly exposed during the experiment (i.e. the doubly-resonant antenna, see the inset of Fig. 9S ). Figure 9S . SEM images of the sample acquired after the experiment (see also Fig. 2a in the main text). Inset: SEM zoom image of the doubly-resonant particle.
Resistance of the nanoantennas to photodamage

